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Abstract

A new finite volume-based numerical algorithm for predicting incompressible and compressible multi-phase flow
phenomena is presented. The technique is equally applicable in the subsonic, transonic, and supersonic regimes. The
method is formulated on a non-orthogonal coordinate system in collocated primitive variables. Pressure is selected as a
dependent variable in preference to density because changes in pressure are significant at all speeds as opposed to
variations in density, which become very small at low Mach numbers. The pressure equation is derived from overall
mass conservation. The performance of the new method is assessed by solving the following two-dimensional two-phase
flow problems: (i) incompressible turbulent bubbly flow in a pipe, (i) incompressible turbulent air—particle flow in a
pipe, (iii) compressible dilute gas—solid flow over a flat plate, and (iv) compressible dusty flow in a converging diverging
nozzle. Predictions are shown to be in excellent agreement with published numerical and/or experimental data.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The last two decades have witnessed a substantial transformation in the computational fluid dynamics
(CFD) industry; from a research means confined to research laboratories, CFD has emerged as an every
day engineering tool for a wide range of industries (Aeronautics, Automobile, chemical Processing, etc.).
This increasing dependence on CFD is due to a multitude of factors that have rendered practical the
simulation of large complex industrial-type problems. Some of these factors are directly related to the
maturity of several numerical aspects at the core of CFD. These include: multi-grid acceleration techniques
[1-4] with enhanced equation solvers [5,6] that have decreased the computational cost of tackling large
problems, better discretization techniques with bounded high resolution schemes [13-18] yielding more
accurate results, unstructured grid methods [7-12] that simplify the description of complex geometry, as
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Nomenclature

A;,k)7 . coefficients in the discretized equation for o®
Bg‘) source term in the discretized equation for ¢*
B body force per unit volume of fluid/phase k&
ch coefficient equals to 1/R®T® two-phase.

D/ik)[ *)) matrix operator defined in Eq. (14)

Hp[p® the H operator

the vector form of the Hp operator
1® inter-phase momentum transfer

Jwr diffusion flux of ¢* across cell face f’

thk)c convection flux of ¢*) across cell face ‘f’

M® mass source per unit volume

P pressure

Pr“f),Prt("> laminar and turbulent Prandtl number for fluid/phase k&
qg® heat generated per unit volume of fluid/phase k&
ow general source term of fluid/phase k

b volume fraction of fluid/phase k

S¢ surface vector

t time

T temperature of fluid/phase &

ul interface flux velocity (v(" - Sy) of fluid/phase k

u® velocity vector of fluid/phase k

u® p® . velocity components of fluid/phase &

X,y Cartesian coordinates

|la, b]] the maximum of ¢ and b

Greeks

p®) density of fluid/phase k

r® diffusion coefficient of fluid/phase &

b dissipation term in energy equation of fluid/phase &
o® general scalar quantity associated with fluid/phase
Ap[p®) the 4 operator

1® laminar and turbulent viscosity of fluid/phase k&

Q cell volume

ot time step

Subscripts

f refers to control volume face ‘f’

P refers to the P grid point

Superscripts

C refers to convection contribution

D refers to diffusion contribution

(k) refers to fluid/phase &

(k)* refers to updated value at the current iteration

(k)0 refers to values of fluid/phase & from the previous iteration
(k) refers to correction field of phase/fluid &

m refers to fluid/phase m

old refers to values from the previous time step
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well as improved pressure—velocity (and density) coupling algorithms for fluid flow at all speeds [19-27]
resulting in better convergence behavior. The exponential increase in microprocessors power and the as-
sociated decrease in unit cost have also benefited the CFD industry. Multiprocessor systems with large
memory, set up at a fraction of the cost of the super computers of a decade ago, have pushed the limits on
the size of the problems that can be tackled.

Challenges still abound in a number of fields: increasing the robustness of the employed numerical
schemes, improving the accuracy of the used models, extending the many advances in the simulation of
single fluid flows [28-34] to multi-phase flows [35], are just a few areas of current research interest. For
multi-phase flow simulation, the basic difficulty [36] stems from the increased algorithmic complexity that
need to be addressed when dealing with multiple sets of continuity and momentum equations that are inter-
coupled (interchange momentum by inter-phase mass and momentum transfer, etc.) both spatially and
across fluids. That is, on top of the velocity—pressure coupling for each phasic continuity—-momentum set,
there exist a number of inter-fluid coupling relations. This is further complicated in the simulation of su-
personic multi-phase flows, or in general when developing an all speed flow multi-phase algorithm. Despite
these complexities, successful segregated incompressible pressure-based solution algorithms have been
devised, such as the IPSA variants developed by the Spalding Group at Imperial College [37-39] and the set
of algorithms developed by the Los Alamos Scientific Laboratory (LASL) group [40-42]. For compressible
flow simulations at high Mach number, special treatment is needed to resolve the density—velocity and
density—pressure couplings. Algorithms for all-speed multi-phase flow simulation were recently presented
and new ones derived in [36] following a Pressure-based approach but none was implemented or tested.
Actually to the authors’ knowledge, no work dealing with a pressure-based method capable of predicting
multi-phase flow phenomena at all speeds has been reported in the literature. It is the objective of this
work to test a newly developed multi-phase pressure-based solution procedure that is equally valid at all
Reynolds and Mach number values.

In what follows the governing equations for compressible multi-phase flows are first presented and their
discretization outlined so as to lay the ground for the derivation of the pressure correction equation, which
is obtained from overall mass conservation. This class of algorithms is denoted as the mass conservation
based algorithms (MCBA) [36]. Then, a brief description of the solution procedure is given and the ca-
pability of the newly developed algorithm to predict multi-phase flow at all speeds demonstrated by pre-
senting solutions to four test problems spanning the entire subsonic to supersonic spectrum over a wide
range of physical conditions (from turbulent incompressible bubbly flows to supersonic air—particle flows).
The problems solved are: (i) turbulent incompressible bubbly flow in a pipe, (ii) turbulent incompressible
air—particle flow in a pipe, (iii) compressible dilute air—particle flow over a flat plate, and (iv) inviscid
transonic dusty flow in a converging-diverging nozzle. Furthermore, the accuracy of the method is dem-
onstrated by comparing results against published experimental and/or numerical data.

2. The governing equations

In multi-phase flow the various fluids/phases coexist with different concentrations at different locations in
the flow domain and move with unequal velocities. Thus, the equations governing multi-phase flows are the
conservation laws of mass, momentum, and energy for each individual fluid. For turbulent multi-phase
flow situations, an additional set of equations may be needed depending on the turbulence model used.
These equations should be supplemented by a set of auxiliary relations.

The various conservation equations are:

(r®p®)

L4V (9 pOu®) = 0 o) )
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where the meanings of the various terms are as given in the nomenclature.

In addition to the above mass, momentum, and energy conservation equations (1)-(3), a geometric
conservation equation is needed for multi-phase flow. Physically, this equation is a statement indicating
that the sum of volumes occupied by the different fluids, ), within a cell is equal to the volume of the cell
containing the fluids, and is given as

> =1 (4)
3
Because a static mesh is used, Eq. (4) does not include a transient term.

The effect of turbulence on interfacial mass, momentum, and energy transfer is difficult to model and is
still an active area of research. Similar to single-fluid flow, researchers have advertised several flow-de-
pendent models to describe turbulence. These models vary in complexity from simple algebraic [43] models
to state-of-the-art Reynolds-stress [44] models. In this work, the widely used two-equation k—¢ turbulence
model [45] with multi-phase specific modifications is adopted. The phasic conservation equations governing
the turbulence kinetic energy (k) and turbulence dissipation rate (¢) for the kth fluid are given by

/(8 p 0 k) 0) ’
( g t ) + V- (0 pub®) = v (0 %Vk(") + 0 p® (G0 — 0 4 10 (5)
Oy
3(r® k) 0 ' (k) &0
% + V- (F W@l = v (0 % Ve | 4 40 50 " (1,G® — 3,6®) + 10, 6)
&

where I,Ek) and I® represent the interfacial turbulence terms. The turbulent viscosity is calculated as

k07>
/‘gm = CMO(k) [S(k)] : (7)

For two-phase flows, several extensions of the k—& model that are based on calculating the turbulent vis-
cosity by solving the k and ¢ equations for the carrier or continuous phase only have been proposed in the
literature [46-51]. In a recent paper, Cokljat and Ivanov [45] presented a phase coupled k—¢ turbulence
model, intended for the cases where a non-dilute secondary phase is present, in which the k—¢ transport
equations for all phases are solved. Since the method is still not well developed, the first approach in which
only the & and ¢ equations for the carrier phase are solved is adopted in this work.

If a typical representative variable associated with phase (k) is denoted by ¢*', the above conservation
equations can be presented via the following general phasic equation:

0 (r(k> o ¢<k>>
e

where the expression for I'® and Q% can be deduced from the parent equations.

v (r(k> pPy® ¢<k)> —v. <r<k> F(k)v¢(k>) 4R ®) (8)
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The presented set of differential equations has to be solved in conjunction with constraints on certain
variables represented by algebraic relations. These auxiliary relations include the equations of state and the
interfacial mass, momentum, energy, and turbulence energy transfers.

For a compressible multi-phase flow, auxiliary equations of state relating density to pressure and
temperature are needed. For the kth phase, such an equation can be written as

p® = p® (p, T(k)). 9)

Several models have been developed for computing the interfacial mass, momentum, energy, and turbu-
lence energy transfers terms. Details regarding the closures used here are given in the results section.

In order to present a complete mathematical problem, thermodynamic relations may be needed and
initial and boundary conditions should supplement the above equations.

3. Discretization procedure

Integrating the general conservation Eq. (8) over a finite volume (Fig. 1) yields

// dQ+//V ")gb("))dQ
= / / V- r<k>r<k>v¢<"> de + / / rHo® dQ, (10)
Q Q

where Q is the volume of the control cell (Fig. 1). Using the divergence theorem to transform the volume
integral into a surface integral and then replacing the surface integral by a summation of the fluxes over the
sides of the control volume, Eq. (10) is transformed to

bOY (P at) = oo o

NB=e,w,n,s,t,b

Fig. 1. Control volume.
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where J 1(\]33[) and J ﬁc are the diffusive and convective fluxes, respectively. The discretization of the diffusion
term is second-order accurate and follows the derivations presented in [35]. For the convective terms and
for the calculation of interface densities, the third-order SMART [13] scheme is employed and implemented
within the context of the normalized variables and space formulation (NVSF) methodology [15]. Moreover,
the integral value of the source term over the control volume is obtained by assuming the estimate of the
source at the control volume center to represent the mean value over the whole control volume. Fur-
thermore, the additional terms appearing in the momentum and energy equations, not featured in Eq. (10),
are treated explicitly and their discretization is analogous to that of the ordinary diffusion flux.

Substituting the face values by the functional relationships relating them to the neighboring node values,
Eq. (11) is transformed after some algebraic manipulations into the following discretized equation:

k q k k k
AP =" aloly + By, (12)
NB

where the coeflicients Ai,“ and Ag\% depend on the selected scheme and Bi,“ is the source term of the dis-
cretized equation. In compact form, the above equation can be written as

) A(k) d)(k) + B(k)
(bg) = Hp [qﬁ(k)} _ ZNB NZ(kl)\]B P (13)
P

The discretization procedure for the momentum equation yields an algebraic equation of the form

0 0
u(k)
ug{) = HP |:u<k):| — r(k)Di)mVP(P), where Dg() = Arb Q |- (14)
7®

P

On the other hand, the phasic mass-conservation equation (Eq. (1)) can be either viewed as a phasic volume
fraction equation

rg‘) = Hp [r(")] . (15)

or as a phasic continuity equation to be used in deriving the pressure correction equation

k) (k k) (k old
(o) - ()
ot

where the A operator represents the following operation:

Q-+ Ap [P pPu® . 8] = rHp®), (16)

H[O]= > 6 (17)

JS=NB(P)

4. Solution procedure

The number of equations describing an n-fluid flow situation are: n-phasic momentum equations, 7
phasic volume fraction (or mass conservation) equations, a geometric conservation equation, and for the
case of a compressible flow an additional » auxiliary pressure—density relations. Moreover, the variables
involved are the m-phasic velocity vectors, the n-phasic volume fractions, the pressure field, and for a
compressible flow an additional » unknown phasic density fields. In the current work, the » momentum
equations are used to calculate the n velocity fields, n — 1 volume fraction (mass conservation) equations are
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used to calculate n — 1 volume fraction fields, and the last volume fraction field calculated using the geo-
metric conservation equation

PO Zr(k)_ (18)
k#n
The remaining volume fraction equation can be used to calculate the pressure field that is shared by all
phases. However, instead of using this last volume fraction equation, in the class of mass conservation
based algorithms (MCBA) the global conservation equation is employed, i.e., the sum of the individual
mass conservation equations, to derive a pressure correction equation as outlined next.

4.1. The pressure correction equation

To derive the pressure correction equation, the mass conservation equations of the various phases are
added to yield the global mass conservation equation given by

(r(k)pék)) N (r(k)pﬁ)@)()ld
3 P = P ol Ap(r<k>p§)")u<"> . s) ) (19)

k k

In the predictor stage a guessed or an estimated pressure field from the previous iteration, denoted by P°, is
substituted into the momentum equations. The resulting velocity fields denoted by u®* which now satisfy
the momentum equations will not, in general, satisfy the mass conservation equations. Thus, corrections are
needed in order to yield velocity and pressure fields that satisfy both equations. Denoting the corrections
for pressure, velocity, and density by P, u®’, and p®' respectively, the corrected fields are written as

P=pP+P, ub=u® u®,  p0=pbe @ (20)

where the superscript “0” refers to values from the previous iterations. Hence the equations solved in the
predictor stage are

0" = Hpu®'] — /9°DE v, P, (21)
While the final solutions satisfy
u¥ = Hp[u®] — ¥ DYV, P. (22)

Subtracting the two equation sets ((22) and (21)) from each other yields the following equation involving
the correction terms:

u) = Hpu®'] — 0epBv,p. (23)

Moreover, the new density and velocity fields, p*) and u®, will satisfy the overall mass conservation
equation if

old
(r<k)op§)k>) _ (r(k)pi)k))
PR > Q+ Ap[r¥op®u® .S] & =0, (24)

8 3t

Expanding the (p®u®)) term, one gets

(p(k)* n p(k)’) (u(k)* n u(k)’) _ p(k>*u(k)* + p(k)*u(ld’ + p(k)’u(kY + p(k>’u(k)’_ (25)
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Substituting Egs. (25) and (23) into Eq. (24), rearranging, and replacing density correction by pressure
correction, the final form of the pressure correction equation is written as

> {Erl(f)on,k)P{, + 4p {r<’f>°U<k> c;’ﬂp'} — Ap [r°p®" (O DRV P - S] }
k

p

* old
ko p<k> _ (,,(k) p<k>)
p 3 P Do * .
- 72 51 Q + Ap [P p® Y] b (26)
k

The corrections are then applied to the velocity, pressure, and density fields using the following equations:
uy = uy® — PDYVP, Pr=pPo P, pW = ple y cp (27)

Numerical experiments using the above approach to simulate air—water flows have shown poor conser-
vation of the lighter fluid. This problem can be considerably alleviated by normalizing the individual
continuity equations, and hence the global mass conservation equation, by means of a weighting factor
such as a reference density p*) (which is fluid dependent). This approach has been adopted in solving all
problems presented in this work (see [36] for details).

4.2. The MCBA-SIMPLE algorithm

The overall solution procedure is an extension of the single-phase SIMPLE algorithm into multi-phase
flows. Since the pressure correction equation is derived from overall mass conservation, it is denoted by
MCBA-SIMPLE [36]. The sequence of events in the MCBA-SIMPLE is as follows:

1. Solve the phasic momentum equations for velocities.

. Solve the pressure correction equation based on global mass conservation.
. Correct velocities, densities, and pressure.

. Solve the phasic mass conservation equations for volume fractions.

. Solve the phasic scalar equations (k,¢, T, ...).

. Return to the first step and repeat until convergence.

AN AW

5. Results and discussion

The performance of the above-described solution procedure is assessed in this section by presenting
solutions to four two-dimensional two-phase flow problems spanning the entire subsonic to supersonic
spectrum. The first two problems deal with incompressible turbulent flows while the last two problems are
concerned with compressible flows. Computed results are compared against available experimental data
and/or numerical/theoretical values. In all problems, the first phase represents the continuous phase (de-
noted by a superscript (c)), which must be fluid, and the second phase is the disperse phase (denoted by a
superscript (d)), which may be solid particles or fluid. Unless otherwise specified the third-order SMART
scheme is used in all computations reported in this study.

5.1. Problem 1: Turbulent upward bubbly flow in a pipe
The problem considered involves the prediction of radial phase distribution in turbulent upward air—

water flow in a pipe. Many experimental and numerical studies addressing this problem have appeared in
the literature [52—60]. Most of these studies have indicated that the lateral forces that most strongly affect



558 F. Moukalled et al. | Journal of Computational Physics 190 (2003) 550-571

the void distribution are the turbulent stresses and the lateral lift force. As such, in addition to the usual
drag force, the lift force is considered as part of the interfacial force terms in the momentum equations. In
the present work, the interfacial drag forces per unit volume are given by

. I
(B = =(Ti)y = 0375-2 prOr F (ul¥ — ul®), (28)
13
v\ N Cp (o) (@) .0 @ _
L)y = =)y :O.375r—p H Y Vi (v = 019, (29)
P

where 7, is the bubble radius. The drag coefficient Cp varies as a function of the bubble Reynolds and
Weber numbers defined as

Re, = 2 © Vaip, We = 4p© Viip, (30)
Vi

where o, the surface tension, is given a value of 0.072 N/m for air—water systems. The following correla-
tions, which take the shape of the bubble into consideration, are utilized [61,62]:

Cp =78 for Re, < 0.49,

Rep
Cp = e for 0.49 < Re, < 100,
P
Cp = ngﬁ for Re, > 100, (31)

for Re, > 100 and We > 8§,

8
3
Cp=% for Re, > 100 and Re, > 2065.1/We*S.

Many investigators have considered the modeling of lift forces [61-65]. Based on their work, the following
expressions are employed for the calculation of the interfacial lift forces per unit volume:

(W)t = =W = Cipr9 (W9 —u¥) x (v xu), (32)

where C) is the interfacial lift coefficient calculated from
Ci = (1 —2.78(0.2,77)), (33)

where (a, b) denotes the minimum of @ and b and C), is an empirical constant.

Besides the drag and lift interfacial forces, the effect of bubbles on the turbulent field is very important,
as the distribution of bubbles affects the turbulence field in the liquid phase and at the same time the liquid
phase’s turbulence is influenced by the bubbles. In this work, turbulence is assumed to be a property of the
continuous liquid phase (¢) and the turbulent kinematics viscosity of the dispersed air phase (d) is assumed
to be a function of that of the continuous phase. The turbulent viscosity of the continuous phase is
computed by solving the following modified transport equations for the turbulent kinetic energy & and its
dissipation rate ¢ that take into account the interaction between the phases:

b
9 pl©) vg) l( vi©
Oy
v©
p(C> RIS FACAVAC)
Oy

8 pOk©)

at + V- (F9 k) = v

HOp (G — 4

+rOp,, (34)
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(©
© &
+r Clch k(c)

W
PICY i POLVAT
oy

where G is the well-known volumetric production rate of k) by shear forces, o, the turbulent Schmidt
number for volume fractions, and P, is the production rate of £© by drag due to the motion of the bubbles
through the liquid and is given by

©
+ V- (FOpu@e)) = v - [ﬂc) p© <V§c> i %) Ve©
7,

.(
&
+r9p g (G — 2e®) + V- ,(3%)

0.375C, Cpp @ r e 2

P Slip (36)

Ip

In Eq. (36) Gy is an empirical constant representing the fraction of turbulence induced by bubbles that goes
into large-scale turbulence of the liquid phase. Moreover, as suggested in [60], the flux representing the
interaction between the fluctuating velocity and volume fraction is modeled via a gradient diffusion ap-
proximation and added as a source term in the continuity (V- (p®D®Vr®)) and momentum
(V- (p® DR 7r0)) equations with the diffusion coefficient D given by

W0
DW= (37)

Or

The turbulent kinematics eddy viscosity of the dispersed and continuous phases are related through

(©)

@ _n
v o= p (38)

where o; is the turbulent Schmidt number for the interaction between the two phases. The above
described turbulence model is a modified version of the one described in [60] in which the turbulent
kinematics viscosities of both phases are allowed to be different in contrast to what is done in [60]. This
is accomplished through the introduction of the gy parameter. As such, different diffusion coefficients
(D) are used for the different phases. Results are compared to experimental data from [52,63].

Two experiments were simulated using the above-described treatment and results compared to ex-
perimental data. The two experiments differ in the Reynolds number, the bubbles diameter and the inlet
conditions. In the experiment of Seriwaza et al. [52] the Reynolds number based on superficial liquid
velocity and pipe diameter is 8 x 104, the inlet superficial gas and liquid velocities are 0.077 and 1.36 m/
s, respectively, and the inlet void fraction is 5.36 x 1072 with no slip between the incoming phases.
Moreover, the bubble diameter is taken as 3 mm [60], while the fluid properties are taken as p© = 1000
kg/m?, p@ =123 kg/m?, and /) = 1076 m?s. In the experiment of Lahey et al. [63] the Reynolds
number is based on superficial liquid velocity and pipe diameter of 5 x 10*, the inlet superficial gas and
liquid velocities are 0.1 and 1.08 m/s, respectively. Both problems are solved using the same values for
all constants in the model with C;, = 0.075, ; = 0.5, g, = 0.7, and C, = 0.05. Predicted radial profiles
of the vertical liquid velocity and void fraction presented in Figs. 2(a) and (b) using a grid of size
96 x 32 control volumes concur very well with measurements and compare favorably with numerical
profiles reported by Boisson and Malin [60] (Fig. 2(a)) and PHOENICS [65] (Fig. 2(b)). As shown, the
void fraction profile indicates that gas is taken away from the pipe center. This is caused by the lift
force, which drives the bubbles towards the wall.
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Fig. 2. Comparison of fully developed liquid velocity and void fraction profiles for turbulent bubbly upward bubbly flow in a pipe: (a)
Seriwaza et al. data; (b) Lahey et al. data.

5.2. Problem 2: Turbulent air—particle flow in a vertical pipe

In problem 2, the upward flow of a dilute gas—solid mixture in a vertical pipe is simulated. As in the
previous problem, the axi-symmetric form of the gas and particulate transport equations are employed. The
effects of interfacial virtual mass and lift forces are small and may be neglected, as reported in several
studies [66-68], and the controlling interfacial force is drag (see [69]). Denoting the continuous and dis-
persed phases by superscripts (¢) and (d), respectively, the drag in the x- and y-momentum equations are
given by
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X X d 3 C C C
() = ~(B)y =g 2P () =), (39)
P
v \© @ _3Cp o () @ _ @
(hy)p = —y)p = 3 EP " Vaip (U -0 )v (40)

where rp represents the particle’s radius, Cp the drag coefficient computed from

Co =7 for Re, < 1,
Co=2 (1 4 0.15Reg-687) for 1 < Re, < 1000, (41)
Cp = 0.44 for Re, > 1000,

and Re, the Reynolds number based on the particle size as defined in Eq. (30).

As before, turbulence is assumed to be a property of the continuous gas phase (c) and the turbulent
kinematics viscosity of the dispersed particle phase (d) is assumed to be a function of that of the continuous
phase. Again, turbulence modulation due to the presence of particles is predicted using a two-phase k—¢
model. Several extensions of the k—¢ model for carrier-phase turbulence modulation have been proposed in
the literature [46-51] and the modification of Chen and Wood [48], which introduces additional source
terms into the turbulence transport equations, is adopted here. These source terms are always negative and
act to reduce k and &. However, depending on the relative extent of reductions in k& and ¢, the turbulent
viscosity may be either reduced or increased by the presence of particles. Thus, the turbulent viscosity is
computed by solving the turbulence transport equations (Egs. (5) and (6)) for the continuous phase with I,£°>
and 11 evaluated using the following relations suggested by Chen and Wood [48]:

1) = _2p(@0),a) L (1 — e 008250 %)) (42)
Tp
£©

19 = —2p@ 00 (43)
Tp

where 1, and 7. are timescales characterizing the particle response and large-scale turbulent motion, re-
spectively, and are computed from

(d) ) k©
rr 7. = 0.165=—, (44)

Tp = T Vslip7 8( )

where Fp is the magnitude of the inter-phase drag force per unit volume. The turbulent kinematics eddy
viscosity of the dispersed phase is found using Eq. (38).

The model is validated against the experimental results of Tsuji et al. [66]. In their experiments, the
vertical pipe has an internal diameter of 30.5 mm. Results are replicated here for the case of an air Reynolds
number, based on the pipe diameter, of 3.3 x 10* and a mean air inlet velocity of 15.6 m/s using particles of
diameter 200 pm and density 1020 kg/m?. In the computations, the mass-loading ratio at inlet is considered
to be 1 with no slip between the phases, and o; and o, are set to 5 and 10'° (i.e., the interaction terms
included for bubbly flows are neglected here), respectively. Fig. 3 shows the fully developed gas and par-
ticles mean axial velocity profiles generated using a grid of size 96 x 40 CV. It is evident that there is
generally a very good agreement between the predicted and experimental data with the gas velocity being
slightly over predicted and the particles velocity slightly under predicted. Moreover, close to the wall, the
model predictions indicate that the particles have higher velocities than the gas, which is in accord with the
experimental results of Tsuji et al. [66].
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Fig. 3. Comparison of fully developed gas and particle velocity profiles for turbulent air-particle flow in a pipe.

5.3. Problem 3: Compressible dilute air—particle subsonic flow over a flat plate

This is a well-studied problem [66-76] suitable as a benchmark test. It is known that two-phase flow
greatly changes the main features of the boundary layer over a flat plate. Typically, three regions are de-
fined in the two-phase boundary layer (Fig. 4), based on the importance of the slip velocity between the two
phases: a large-slip region close to the leading edge, a moderate-slip region further down, and a small-slip
one far downstream. The characteristic scale in this two-phase problem is the relaxation length 4. [73],
defined as

2 p9%u,

e 9 T’ (45>

where p@ and r, are, respectively, the density and radius of the particles, 1© the viscosity of the fluid, and
u., the free stream velocity. The three regions are defined according to the order of magnitude of the slip
parameter x* = x/A.. In the simulation, the viscosity of the fluid is considered to be a function of tem-
perature and varies according to [73]

7\ 6
© = — 46
2 :uref< Tref > ) ( )

where the reference viscosity and temperature are p; = 1.86 x 107> N s/m? and T, = 303 K, respectively.
Even though variations in gas density are small under the conditions considered, these variations are not
neglected and the flow is treated as compressible for the continuous phase and as incompressible for the
dispersed phase. Moreover, drag is the only interfacial force retained due to its dominance over other
interfacial forces. Denoting the continuous and dispersed phases by superscripts (¢) and (d), respectively,
this force is computed as [73]
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Fig. 4. The three different regions within the boundary layer of dusty flow over a flat plate.
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where the drag coefficient is given by

1

7
- o Rey LR (49)

6

In the energy equation, heat transfer due to radiation is neglected and only convective heat transfer around
an isolated particle is considered. Moreover, the particles have no individual random motion, mutual
collisions, and other interactions among them. Therefore, only the process of drag and heat transfer couple
the particles with the gas. Under such conditions, the interfacial terms in the gas (continuous phase) and
particles (dispersed phase) energy equations reduce to [73]

Cp

I = Q0+ Fypu, (50)
Y=o, (51)
where
X ( )- C)s
Fop = (1) i+ ()5, (52)
Nu = 2.0+ 0.6Re> (P9, (53)
3 4D Ny .
Ogp = 2 2 (T(d) — T ))- (54)

In the above equations, Nu is the Nusselt number, Pr® the gas Prandtl number, 2© the gas thermal
conductivity, T the temperature, and other parameters are as defined earlier.

In the simulation, the particle diameter is chosen to be 10 um, the particle Reynolds number is assumed
to be equal to 10, the material density is 1766 kg/m?, and the Prandtl number is set to 0.75. The south
boundary (wall) is treated as a no-slip wall boundary for the gas phase (i.e., both components of the gas
velocity are set to zero), while the particle phase encounters slip wall conditions (i.e., the normal fluxes are
set to zero). The gas and the particles enter the computational domain under thermal and dynamical
equilibrium conditions. A mass load ratio of 1 between the particles phase and the gas phase is used.
Results are displayed using the following dimensionless variables in order to bring all quantities to the same
order of magnitudes
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Fig. 5 shows the results for the steady flow obtained on a rectangular domain with a mesh of density
104 x 48 CV. stretched in the y-direction. The figure provides the development of gas and particles velocity
profiles within the three regions mentioned earlier. In the near leading edge area (x* = 0.1), the gas velocity
is adjusted at the wall to obtain the no-slip condition as for the case of a pure gas boundary layer. The
particles have no time to adjust to the local gas motion and there is a large velocity slip between the phases.
In the transition region (x* = 1), significant changes in the flow properties take place. The interaction
between the phases causes the particles to slow down and the gas to accelerate as apparent in the plots. In
the far downstream region (x* = 5), the particles have enough time to adjust to the state of the gas motion.
The slip is very small and the solution tends to equilibrium. These results are in excellent agreement with the
numerical solutions reported by Thevand et al. [76] plotted in Fig. 5, validating the proposed methodology.

5.4. Problem 4: Inviscid transonic dusty flow in a converging—diverging nozzle

As a final test for the newly suggested numerical procedure, dilute two-phase transonic flow in an axi-
symmetric converging-diverging rocket nozzle is considered. Several researchers have analyzed the problem
and data is available for comparison [77-86]. In most of the reported studies, a shorter diverging section, in
comparison with the one considered here, has been used when predicting the two-phase flow. Two-phase
results for the long configuration have only been reported by Chang et al. [81]. The flow is assumed to be
inviscid and the single-phase results are used as an initial guess for solving the two-phase problem. The
physical configuration (Fig. 6) is the one described in [81]. The viscosity of the fluid, which is solely used in
the calculation of the interfacial drag force, varies with the temperature according to Sutherland’s law for
air

3ry* y*r8 y*r15
- Y -
Gas velocity .
B v Thevand et al _ oGasvelocity |
[106] Current predictions ¥
§ Particle velocity |- o Particle velocity
Thevand et al Current predictions
i [106] T
2 -
- x*=0.1
T v
i %
0 | ! v/
0.5 u*

Fig. 5. Comparison of fully developed gas and particle velocity profiles inside the boundary layer at different axial locations for dilute
two-phase flow over a flat plate.
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Fig. 6. Physical domain for the dusty gas flow in a converging—diverging nozzle.
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The coupling between gas and particle phases is through the interfacial momentum and energy terms. The
force exerted on a single particle moving through a gas is given as [82]

fo = 6o (1 — ), (57)

fr = 6Tcrpr,u(°> (v<d) _ U(C)), (58)
so that for N particles in a unit volume the effective drag force is

@ 9 #(d)

(B)p = =)y =5 fon (' = u®), (59)
p
. 9 ,d)
(B = =B =5 s fou (1) = o), (60)

p

where fp is the ratio of the drag coefficient Cp to the stokes drag Cpy = 24/Re,, and is given by [81]

0.0175Re,

— 1+ 0.15Re"57
D= R s X 10%Re 116

Re, < 3 x 10°. (61)

The heat transferred from gas to particle phase per unit volume is given as [82]

3 /4
0v=3 29 Nu(T@) — 7)), (62)
p

p

where 4 is the thermal conductivity of the gas and Nu, the Nusselt number, is written as [82]

Nu =2+ 0.459Re) > Pri™. (63)
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Fig. 7. (a,b) Volume fraction contours and (c,d) particle velocity vectors for dusty gas flow in a converging—diverging nozzle.

The gas—particle inter-phase energy term is given by

C 9 r(d) C c 9 r<d) C C 3 r<d) c c
19 = 5 L for® (a9 — u)ug +3 I e - O Nu (T — 7)), (64)
I”p rp I’p

3% Nu(T© — 1) (65)
E 72y ’
p

where the first two terms on the right-hand side of Eq. (64) represent the energy exchange due to mo-
mentum transfer.
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Fig. 8. Comparison of one-phase and two-phase gas Mach number distributions along the (a) wall and (b) centerline of the dusty flow
in a converging-diverging nozzle problem.

The physical quantities employed are similar to those used in [81]. The gas stagnation temperature and
pressure at inlet to the nozzle are 555 K and 10.34 x 10° N/m?, respectively. The specific heat for the gas and
particles are 1.07 x 10° J/kg K and 1.38 x 10% J/kg K, respectively, and the particle density is 4004.62 kg/m?.
With a zero inflow velocity angle, the fluid is accelerated from subsonic to supersonic speed in the nozzle.
The inlet velocity and temperature of the particles are presumed to be the same as those of the gas phase.
Results for two particle sizes of radii 1 and 10 pm with the same mass fraction ¢ = 0.3 are presented using a
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grid of size 188 x 80 CV. Figs. 7(a) and (b) show the particle volume fraction contours while Figs. 7(c) and
(d) display the velocity distribution. For the flow with particles of radius 1 um, a sharp change in particle
density is obtained near the upper wall downstream of the throat, and the particle density decreases to a
small value. With the large particle flow (10 pm), however, a much larger particle-free zone appears due to
the inability of the heavier particles to turn around the throat corner. These findings are in excellent
agreement with published results reported in [81] and others using different methodologies. In addition the
contour lines are similar to those reported by Chang et al. [81]. A quantitative comparison of current
predictions with published experimental and numerical data is presented in Fig. 8 through gas Mach
number distributions along the wall (Fig. 8(a)) and centerline (Fig. 8(b)) of the nozzle for the one-phase and
two-phase flow situations with particles of radii 10 um. As can be seen, the one-phase predictions fall on top
of experimental data reported in [84-86]. Along the centerline of the nozzle, current predictions are of
quality better than those obtained by Chang et al. [81]. Since the nozzle contour has a rapid contraction
followed by a throat with a small radius of curvature, the flow near the throat wall is overturned and
inclined to the downstream wall. A weak shock is thus formed to turn the flow parallel to the wall. This
results in a sudden drop in the Mach number value and as depicted in Fig. 8(b), this sudden drop is
correctly envisaged by the solution algorithm with the value after the shock being slightly over predicted.

Due to the unavailability of two-phase flow data, predictions are compared against the numerical results
reported in [81]. As displayed in Figs. 8(a) and (b), both solutions are in good agreement with each other
indicating once more the correctness of the calculation procedures. The lower gas Mach number in the two-
phase flow is caused by the heavier particles (p'@ > p©), which reduce the gas velocity. Moreover, owing to
the particle-free zone, the Mach number difference between the one- and two-phase flows along the wall is
smaller than that at the centerline.

6. Closing remarks

A new finite volume-based numerical procedure for the calculation of multi-phase flows at all speeds was
presented. The virtues of the method were demonstrated by solving four two-phase flow problems spanning
the entire subsonic to supersonic spectrum over a wide range of physical conditions: turbulent bubbly flow
in a pipe, turbulent air—particle flow in a pipe, subsonic compressible air—particle flow over a flat plate, and
transonic dusty flow in a converging diverging nozzle. Results generated were compared against experi-
mental and/or numerical simulation data where available. The accuracy of the predicted quantities, which
was shown to be similar or better than that obtained with special purpose methods, was a clear demon-
stration of the effectiveness of the new method as a tool for modeling multi-phase flows at all speeds.
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